Abstract: This paper considers a synthesis of multivariable proportional-integral-derivative (PID) controllers for a class of nonlinear systems. First, mathematical models of plant with a class of nonlinearities and PID controller with saturation nonlinearity are given. Then, the closed-loop system is described by a descriptor form. Secondly, an analysis condition for descriptor systems with sector-bounded nonlinearity is introduced. Based upon the condition and a representation for the nonlinearities in the control system, the synthesis problem is formulated as a bilinear matrix inequality one. The matrix inequality problem is solved by an iterative linear matrix inequality algorithm to synthesize a PID controller so as to minimize the L 2 -gain and expand the region of sector. Finally, to verify the effectiveness, the synthesis method is applied to the synthesis of PID controller for a ball-on-wheel system with input saturation.
INTRODUCTION
It has been recognized that most of the dynamical systems in the real world have some nonlinearities, and are modeled by nonlinear mathematical models.
Over the past few decades, the concept of sector-bounded nonlinearity has been utilized for the analysis and synthesis of a class of nonlinear systems as in Khalil [1996] . In fact, the method for synthesizing proportional-integralderivative (PID) controllers for systems with sectorbounded nonlinearity in frequency domain has been proposed in Ho et al. [2005] . However, Ho et al. [2005] does not mention the minimization of the L 2 -gain and/or the expansion of the region of sector. In Matsuda et al. [2006-1] , the authors has considered the method for synthesizing dynamic controllers for systems with sector-bounded nonlinearity in time domain, and it also includes the minimization of the L 2 -gain and the expansion of the region of sector.
On the other hand, the control problem for the systems whose inputs suffer from the saturation nonlinearity has been paid much attention from the practical point of view, and several methods for synthesizing control systems have been studied as in Matsuda et al. [2006-2] and Wu et al. [2004] . However, in most of the studies, the control object has been modeled by the linear system. ⋆ This work was not supported by any organization.
Furthermore, the authors have provided the multivariable PID controller synthesis method in time domain in Ohse et al. [2006] . However, Ohse et al. [2006] has dealt with the linear systems synthesis only.
In this paper, integrating the synthesis methods in Matsuda et al. and Ohse et al. [2006] , we propose a method for synthesizing multivariable PID controllers for systems with sector-bounded nonlinearity so as to expand the region of sector and minimize the L 2 -gain. Then, although the closed-loop system is described by a descriptor form, we introduce a sufficient condition to check the L 2 -performance of descriptor systems with sector-bounded nonlinearity by extending the result in Matsuda et al. [2006-1] . An alternative representation of the nonlinear functions in control system different from that in Ho et al. [2005] and Matsuda et al. [2006-1] is also defined to obtain the relatively simplified matrix inequality to be solved.
It is noted that the convex optimization problem subject to linear matrix inequalities (LMIs) can be solved efficiently by the interior-point method as in Gahinet et al. [2006] . This paper is organized as follows. In Section 2, mathematical models of plant with sector-bounded nonlinearity and multivariable PID controller with input saturation in time domain are given. Section 3 is devoted to the introduction of a sufficient condition for the analysis of descriptor systems with sector-bounded nonlinearity in order to apply to the synthesis of PID control systems considered in this paper. Then, we formulate our problem as an optimization one, which is finally subject to a bilinear matrix inequality (BMI) in Section 4. Section 5 provides an iterative LMI algorithm to solve this problem. Then, a method for obtaining an initial value of the algorithm is stated. In Section 6, the synthesis method is utilized for synthesizing a PID controller for a ball-on-wheel system to show the effectiveness.
The principal symbols used in this paper are as follows: R n is the set of all real n-vectors, and R n×m is the set of all real n × m-matrices. I n is the n × n-identity matrix whose suffix n is sometimes omitted for notational simplicity. 
PROBLEM STATEMENT
Consider a time-invariant nonlinear planṫ
where x p (t) ∈ R n is the plant state, w(t) ∈ R k is the exogenous disturbance which satisfies ∥w∥ L2 < ∞, u s (t) ∈ R ℓ is the control input, z(t) ∈ R m is the controlled output, y(t) ∈ R r is the measured output, and the coefficients 
where v(t) ∈ R p , η(t) ∈ R p , and
Throughout this paper, the matrix R p is fixed.
For the system (1) and (2), we construct a multivariable PID controller
The control input u s (t) is subjected to the saturation nonlinearity
where Υ c : R ℓ → R ℓ is the saturation function defined by
In this paper, we present a method for synthesizing PID controller (4) so as to minimize a performance index γ in the performance condition ∥z∥ L2 ≤ γ∥w∥ L2 and maximize the region of sector (e.g., maximize the parameter S p ) to take into account the nonlinearities in the control system.
ANALYSIS OF DESCRIPTOR SYSTEMS WITH SECTOR-BOUNDED NONLINEARITY
In order to synthesize the PID controller (4) for the plant (1) with (2), we introduce a sufficient condition to analyze the L 2 -performance of descriptor systems with sectorbounded nonlinearity.
and diagonal matrices R a and S a in
If there exist a nonsingular matrix P a and a positive-definite diagonal matrix W a satisfying
where
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then, for allΥ a ∈ ∆ a , the feedback system (6) with
Proof. Theorem can be proved by the similar manner in Matsuda et al. [2006-1] . 3
It should be noted that the above Theorem is an extension of Theorem in Matsuda et al. [2006-1] to the descriptor systems with sector bounded nonlinearity, and therefore, Theorem in this paper includes Theorem in Matsuda et al.
[2006-1] as a special case (i.e., E a ≡ I).
PROBLEM FORMULATION
In this section, applying Theorem in Section 3, we formulate our synthesis problem by matrix inequalities.
Although, in Matsuda et al. [2006-1] , the analysis result was applied directly to the synthesis procedure, it is difficult for us to apply Theorem in Section 3 to our synthesis problem in this paper directly because of the saturation nonlinearity (5).
Indeed, the component
contains the terms with the product of the matrix C a1 and its transpose. As shown later, however, in the synthesis problem including the saturation nonlinearity, the matrix C 1 in the synthesis (corresponding to C a1 in Section 3) also contain the controller gain matrix (which is called K) to be determined by the synthesis problem, i.e., C 1 T (K)RW SC 1 (K). Thus, since the matrix inequality to be solved is not linear in K, it is difficult for us to construct the synthesis procedure itself as in the later section.
In this paper, noticing that such nonlinear terms in K do not appear in the matrix inequality to be solved if R a ≡ 0 in (8) (i.e., Ω a·· (0) ≡ 0 in (8)), we define the following nonlinearities:
Then, the nonlinearity Υ p0 belongs to
On the other hand, if
hold, then the nonlinear function Υ c0 belongs to
where W c and S c0 are both diagonal. In this paper, we assume that the condition (11) is met.
Here, in order to extend the method of synthesizing PID controller for linear systems in Ohse et al. [2006] to our synthesis problem, we consider a controlleṙ
where x c (t) ∈ R q , and K 4 ∈ R q×r is a preassigned constant matrix which is appropriately chosen according to the structure of the PID controller to be synthesized.
Introducing a vector
and using (1), (9), (10) and (12), we describe the closedloop system as follows:
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and the nonlinear function Υ 0 : R ℓ+p → R ℓ+p belongs to
Theorem in Section 3 proves that if there exist a nonsingular matrix P , a positive-definite diagonal matrix W , a diagonal matrix S 0 , a matrix K and a positive scalar γ satisfying
then there exists a controller (12) (or (4)) which achieves the specification that the closed-loop system satisfies the condition ∥z∥ L2 ≤ γ∥w∥ L2 for Ex(0) = 0.
Thus, our problem of determining the PID controller gain matrix K is formulated as follows:
find K, P , W , S 0 and γ so as to minimize γ and −tr(S 0 ) subject to (15) and (16). This is a BMI problem.
SYNTHESIS OF PID CONTROLLER
Define V = S 0 W and γ sq = γ 2 . Then, noting that fixing either {P, V, W, γ sq } or {K} in (16): (17) yields LMI in the other pair of matrices, we present an iterative LMI algorithm to solve our problem.
Furthermore, we define an objective function
to be locally minimized, where the coefficients λ 1 , Λ 2 and Λ 3 are weights. The matrix S 0 is determined by S 0 = V W −1 . Therefore, the minimization of the second and third term in the right hand side of (18) leads to the maximization of the diagonal elements of S 0 which represents the range of the nonlinearity to be considered.
Before stating the algorithm, we consider the procedure for obtaining the initial value of K for the algorithm. In this paper, we calculate the initial value by solving the problem of synthesizing a PID controller for a linearized plant, where we construct the linearized plant by the approximation Υ 0 (ζ) ∼ = 0 (or ξ 0 ∼ = 0). Then, the resulting linearized closed-loop system is described as follows:
In the sequel, the controller gain matrix K in the linearized control system (19) is denoted by
where G zw (s) is the transfer function matrix from w to z. Although the problem of determining the matrix K l is formulated as a BMI problem Ohse et al. [2006] , in this paper, we minimizeγ 2 (=:γ sq ) by the following procedure, where Φ(X,γ sq ; K l ) is defined by
and X is nonsingular.
Procedure for Determining K l
Step 1: Choose an initial value K init which satisfies the condition that the linearized system is stabilized. Find X andγ sq so as to minimizeγ sq subject to
Step 3: Find X andγ sq so as to minimizeγ sq subject to
Step 4: If |γ i+1 −γ i | < ε, where ε is the prescribed tolerance, then stop. Otherwise, set i ← i + 1 and go back to Step 2.
An Iterative LMI Algorithm
Thus, using K l calculated by the above procedure, we state an iterative LMI algorithm to synthesize a PID controller (4) for a nonlinear plant (1) with (2) as follows:
Step 5: Choose a positive scalar δ.
Step 6: Find P , V , W and γ sq so as to minimize f (γ sq , V, W ) subject to
Step 8: Find P , V , W and γ sq so as to minimize f (γ sq , V, W ) subject to Fig. 1 . Ball-on-wheel System
then stop. Otherwise, set j ← j + 1, and go back to Step 7.
A NUMERICAL EXAMPLE
In this section, we apply the approach presented in this paper to the problem Matsuda et al. [2006-1] of synthesizing a PID controller to balance a ball on the periphery of a wheel as shown in Fig. 1 , where θ 1 is the angle between the center of the ball and the vertical axis, θ 2 is the wheel angular position, τ is the control torque exerted on the wheel and w is the disturbance added to the wheel.
The physical parameters are listed in Table 1 , where the numerical values are the same as in Ho et al. [2005] .
In this paper, as in Matsuda et al. [2006-1] , we assume that the coefficient of friction is sufficiently large, and therefore, the ball rolls on the wheel without slipping. Then, the equations of motion of the system can be written as follows:
−7 (r b + r w )θ 1 (t) + 2r wθ2 (t) + 5g sin θ 1 (t) = 0.
The relationship between the control torque τ (t) and the control voltage u s (t) is given by
where the parameter σ in the saturation nonlinearity is given by σ = 189.2 [V] .
It is noted that to maintain the ball on the wheel, the following condition must be satisfied:
We set x p (t), z(t) and y(t) as
respectively, where the sensor gains are c 1 = 10[V/rad] and c 2 = −1 [V/rad] . Then, from (20) and (21), we see that the ball-on-wheel system is described by
and (1). (See Matsuda et al. [2006-1] .)
The nonlinearities corresponding to (9) and (10) are selected as follows:
where R p = 1.
Let M p (> 0) be the minimal angle θ 1 (> 0) satisfying −30 −350 −20 ] K 4 = 1, ε = 0.001, and using the procedure mentioned in the previous section, after 34-iterations in the iterative LMI algorithm, we obtain −25.1441 −96.6806 −0.9461 ] andγ = 5.6210.
Synthesis of PID Controller for Linearized Plant
Setting K init = [K l = [
Synthesis of PID Controller for Ball-on-Wheel System with Input Saturation
We choose a scalar δ as δ = 0.05. The weights λ 1 , Λ 2 and Λ 3 are set as
respectively. After 21-iterations in the iterative LMI algorithm given in Section 5, we obtain Figs. 2-5 show the values of the parameters γ j , S p0,j , S c0,j and f (γ sq,j , V j , W j ) for each step, respectively. It follows from these figures that the value of the objective function f (γ sq,j , V j , W j ) successfully decreased as the iteration number j increased.
A Simulation Result
Disturbance w(t) added to the wheel is shown in Fig. 6 . Behavior of θ 1 (t) and u(t) is depicted in Figs. 7 and 8, respectively. We see from Figs. 6-9 also reveal that although the ball-on-wheel system is itself unstable and suffers from not only its nonlinearity but also the saturation nonlinearity, it is stabilized successfully by the synthesized controller. Furthermore, it is also verified that ∥z∥ L2 /∥w∥ L2 = 0.0913 < γ = 7.9583 holds.
CONCLUSION
In this paper, a method of synthesizing multivariable PID controllers for systems with sector-bounded nonlinearity has been proposed. The closed-loop system has been described by a descriptor form. By introducing a sufficient condition for the analysis of descriptor systems with sector-bounded nonlinearity, we have formulated our design problem as a BMI one. Then, in order not to appear the nonlinear term with respect to the controller gain matrix in the matrix inequality to be solved, an alternative representation of the nonlinear functions in control system has been defined. The authors have applied the algorithm to the synthesis of the PID controller for a ball-on-wheel system with input saturation, and confirmed the effectiveness of the proposed method numerically.
